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INTRODUCTION 
Let g be a real semisimple Lie algebra, G its automorphism group, and 
G, the adjoint group of g, i.e., the identity component of G. The first main 
objective of the paper is to show that given x E g there exists aE G such that 
a(x) = --x. In fact the following stronger esult is valid: There exists aE G 
such that a(x) E -6,. x for all XE g. We show (Theorem 7) that the set of 
all a E G having this property is a connected component G* of 6. The same 
connected component was characterized by Vegan [3, Proposition 17.3, 
p. 401 as follows: G* is the unique connected component of G such that for 
every Cartan subalgebra b of g there exists aE GX satisfying a(Q) = $ an 
a’ - I 11 - -1. Their result is used extensively inour paper. 
We show that an element a E G leaves invariant all adjoint orbits Go. x 
in g iff it is inner, i.e., a E G, (Theorem 6). This result is reminiscent of the 
following known property of finitely generated free groups F If an 
automorphism g of F leaves invariant all conjugacy classes of F then 0 is 
inner. 
Our second main objective isto identify the component G*. The problem 
easily reduces to the case when g is simple. We first ry to determi 
which cases the equality G* = G, holds. It is noteworthy that G* = G, 
iff Go. x = -G, . x for all x E g (Theorem 7, Corollary). IfCJ is complex or 
compact, we show that G* = G,, holds iff - 1 E FV, where W is the eyl 
group of g (Proposition 8). In the general case we obtain two necessary 
conditions for G* = G, to hold (Theorem 9). A posteriori itturns out that 
these two conditiods are also sufficient. Proposition 8 and Theorem 9 suf- 
fice to determine G* in all cases except when g is a non-compact real form 
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of a non-exceptional complex simple Lie algebra g,. In the remaining cases 
G* is determined by examining separately each of the seven series of 
classical real Lie algebras (Theorem 10). 
We conclude with a by-product of our main theorems which gives some 
information about the centralizer 2 in G of a subalgebra ersI(2, R) of g. 
In particular, itfollows that for any Cartan subalgebra h, of the Lie 
algebra 3 of Z, there exists aE Z such that a&) = ho and a) b. = -1. 
1. NOTATIONS 
Throughout the paper we shall use the following notations without any 
further explanations. 
By g we denote a real semisimple Lie algebra and by G = Am(g) its 
automorphism group. Unless stated otherwise, we shall view G as a real 
Lie group. We denote by Go the identity component of G, i.e., Go = Ad(g) 
is the adjoint group of g. An autmorphism a of g is called inner if a E G,. 
By G* we denote the connected component of G defined in Theorem 1 
below. 
For a E G and x E g we shall write a. x = a(x). If H is a subgroup of G 
and XE g then H. x will denote the orbit of H in g containing x, i.e., 
H. x = {u . x: a E H). The orbits of Go in g will be called adjoint orbits. 
Since [G : G,] < co, every G-orbit in g is a finite union of adjoint orbits. 
Following Barbasch [2], we shall say that an ordered triple of elements 
(x, h, y) of g is a Lie triple if it is non-zero and 
[h, x] = 2x, Ck JJl= -2Y, Ilx, Y 1 = h. 
If 5 is a subalgebra spanned by a Lie triple then sgsI(2, R) via the 
isomorphism 
In particular, itfollows that the element z=x- y is semisimple. 
G also acts on the set of Lie triples ing by a. (x, h, y) = (a. x, a. h, a. y). 
If a. (x, h, y) = (x, h, y) then we say that a centralizes the Lie triple 
(x, h, Y). 
A Cartan subalgebra $ of g is called fundamental if it contains a Cartan 
subalgebra of a maximal compact subgroup of G,,. It is well known, see [9, 
Proposition 1.3.3.31, that if h1 and b2 are fundamental Cartan subalgebras 
of g then there exists aE Go such that u(h,) = h,. 
By g, we denote the complexification @ @ g of g, and by G, the group of 
complex automorphisms of g,. Every automorphism of g extends to a uni- 
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que complex automorphism of gc. This enables us to view G as a subgroup 
of G,. In fact G, is an algebraic group defined over R and G is its subgroup 
of real points. In the last section we shall need the fact that the subgroup 
G, = G n Ad(g,) is the Zariski connected component of G, when the latter 
is viewed as a real algebraic group. 
When g happens to be a complex semisimple kie algebra (but viewe 
a real Lie algebra) then we shall denote by G# the subgroup of G con- 
sisting of all complex automorphisms of g. If g is also simple then we have 
[G : G# ] = 2. In general we have [G : G# ] = 2” where pn is the number of 
simple factors of g. 
2. THE COMPONENT G* AND ITS $RO~ERTIIES 
We begin by stating two results of Vogan, Bore1 and Wal~a~h [3, I, 
Sect. 73: 
THEOREM 1. There exists the unique connected campone& G* of G hau- 
ing the following property: Ij’ FJ is any Cartan subalgebra of g then there 
exists agG* such that a@)=$ and aJh= -1. 
LEMMA 2. If $ is a fundumental Car-tan subalgebra of g and a~ G 
satkfies a(Q) = b and a 1 b = 1 then a E GO. 
The next lemma is an immediate consequence of these results. 
LEMMA 3. 1’ 6 is a fundamental Cartan subalgebra of g and a~ G 
satisfies a($) = lj and a Ih = -1 then a E G”. 
This lemma will be useful ater on where we deal with the problem of 
identifying G*. 
LEMMA 4. If g is in fact a complex semisimple Lie algebra thepl 
G”CG#. 
ProoJ: Let lj be a Cartan subalgebra of g. Then there exists aE G#, see 
c.5, VIII, Sect. 4, Proposition 51, such that a(h) = lj and aI6 = -1. By 
Lemma 3 we have a E G* and so G* c G”. 
LEMMA 5. G, v G* is a normal subgroup qf G. 
Prooj Let lj be a fundamental Cartan subalgebra of g and a E G* such 
that a(Ij)=E) and ajh= -1. Then n’(E)) = h and a2 jh = 1 and so, by 
Lemma 2, a2 E G,. Thus G, u G” is a subgroup of G. The uniqueness part 
of Theorem 1 implies that bG*b-’ = G* for all b E G and so GO u 6” is nor- 
mal in G. 
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In the sequel we shall need the following characterization of inner 
automorphisms. 
THEOREM 6. For a E G the following are equivalent: 
(i) aEGo, 
(ii) a. x E Go. x, Qx E g. 
Proof (i) =+ (ii) is trivial. (ii) =+ (i) Let t, be a fundamental Cartan sub- 
algebra of g and Aut(g, h) the normalizer of h in G. Let E: Aut(g, h) --+ 
Aut(h) be the restriction homomorphism and let A be its image. It is well 
known that A is a finite group and consequently we can choose a regular 
element XEE) such that a(x)=x and cr~:A imply CI= 1. 
By (ii) there exists bE G, such that ba . x = x. Since b is the centralizer of
x in g, we have ba(lj) =h, i.e., baEAut(g, h). Writing c(=z(ba), we have 
@(x)=x and so a=l. By Lemma2, we have baEG,and so UEG,. 
Our next objective isto prove that given x E g there exists aE G such that 
a. x = -x. Equivalently we have that for every x E g there exists, a E G such 
that a. x E -G,, . x. In this latter formulation the result admits the following 
generalization. There exists an aE G such that for every XE g we have 
a. x E -Go. X. In fact we characterize the set of all elements a having this 
property. 
THEOREM 7. For a E G the following are equivalent: 
(i) U’XE: -G,.x, Qx~g, 
(ii) llEG*. 
Proof. (i) 3 (ii) Let h be a fundamental Cartan subalgebra of g and let 
N be the normalizer of b in G. Let E : N-+ Aut($) be the restriction 
homomorphism and A the image of E. It is well known that A is a finite 
group and consequently we can choose an element x E h which is regular in 
g and is such that E(X) = x for a E A implies a= 1. 
By (i) there exists be G, such that ba- x= --x. Since x is regular, we 
have ba($) = h, i.e., baE N. By Theorem 1 there exists cE G* n N such that 
E(C) = -1. We have cba E N and cba ’ x = x. By our choice of x this implies 
that &(cba) = 1. Lemma 2 now implies that cba E Go and so a E G*. 
(ii) * (i) Let x = x, $ x, ,be the Jordan decomposition of x E g, with x, 
semisimple and x,, nilpotent. Assume first that X, = 0 and let h be a Cartan 
subalgebra containing x,. By Theorem 1 there exists be G* such that 
b(t))=@ and b\,= -1. Since c=ab-IEGO, it follows that a.x=cb*x= 
-C.XE -G,.x. 
Now assume that x, #O. Since x, is semisimple, we have X,E c where 
T = [c, c], c being the centralizer of x, in g. By the Jacobson-Morozov 
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Theorem, see [S, VIII, Sect. 11, Proposition Z], there exist h, ~1 ET such 
that (x,, h, v) is a Lie triple. Since the element z =.x, - y is semisimple, 
there exists a Cartan subalgebra h of g containing x, and z. 
there exists bE G* such that b(Q) = h and b lh = -1. Let 5 be 
spanned by the triple (x,, h, J). Since bjx,) = -x,, we have h(c) = c and 
b(T)=?. Hence (-x,, h, -y) and b.(x,,h, y) are two L 
Theorem of Rao and Kostant, see [2, Proposition 3.E]> 
triples are conjugate by an inner automorphism of S. Consequently, there 
exists c E G, such that cb .x, = -x, and c. x, =x,. Hence cb E G* and 
cb ’ x = -x. This implies that for every a E G* we have a. x E -6,. X. 
COROLLARY. We have 6,.x= -6,.x, Vx~g, ijjf G”=GO. 
Proof This follows immediately from Theorems 6 an 
3. IDENTIFICATION OF G* 
Let g=gi x ... x g,, where gk, 1 <k < nz, are simple Lie algebras. If 
Gk = Aut(g,j, 1d k < m, then G, x .. x G, is a subgroup of 5;; it is equal 
to G iff the algebras glr..., gm are pairwise non-isomorphic. 
It is clear that GrG$, . . Gz = G* and so the problem of i 
6” reduces to the case when g is simple. 
PR0P0~1T10t-i 8. If g is a semisimple complex (resp. compact) Lie ulgebra 
then G* = G, ifs - 1 E W(g) (resp. - 1 E W(g,.)). 
ProoJ: Let h be a Cartan subalgebra of g. By Theorem 1 there exists 
UE G* such that a(b) = h and alh = -1. Let W(g) (resp. W(g,)) be t 
Weyl group of g (resp. g,) corresponding to the Cartan subalgebra h (resp. 
$,=Ij@ib). 
lex case we have G* c G# (Lemma 4) an 
tion 41 implies that a E G, iff - 1 E W(g). 
ct case we apply he result just proved to g, to conclude that 
a E Ad(g,) iff - 1 E W(g,). Since g is compact, we have G n Ad(g,) = G,, 
which completes the proof. 
Remark 1. Let g be a simple complex (resp. compact) Lie algebra. It is 
well known that - 1 .$ W(g) (resp. - 1 4 w(g,)) iff g (resp, g,) is one of the 
fOllOWiIlg: 
A, (n32), D2n+l (n222), QT 4, 
see [4, VI]. In all these cases G# (resp. G) has precisely two connecte 
components and consequently G* is the non-identity component of G# 
(resp. 6). 
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It remains to determine G* when g is a non-compact real form of a sim- 
ple complex Lie algebra gc. In order to deal with this case we need the 
following theorem. 
THEOREM 9. Let g = f @ p be a Cartan decomposition of g. If G* = G, 
then 
(i) f is semisimple and -1 E W(f,), 
(ii) - 1 E W(g,). 
Proof. (i) Let K be the maximal compact subgroup of G, with Lie 
algebra f. By Theorem7 we have -x~G~.x, Vx~g. For x~f, -xEG~‘x 
implies that -x E K. x, see [ 8, Proposition 1.1). Thus we have -x E K. x, 
Vx E f. It follows that f is semisimple. 
Since K is connected, we have -XE Ad(f). x for all x~f. Hence 
Theorem 7 and Proposition 8 imply that - 1 E W(f,). 
(ii) Let lj be a Cartan subalgebra of g and W= W(g,) the Weyl group of 
g, with respect o ljc = lj 0 ilj, viewed as a group of linear transformations 
of I$,. Since G* = G,, Theorem 7 shows that -x E Go. x for all x E g. In 
particular for x E lj we have -x E: G, . x and since G, c Ad(g,) and 
Ad(g,).xnt),= W.x, we have -XE W.x, Vxx~?j. 
We choose y E lj which is regular in g. Let w0 be the unique element of W 
such that wO( y) = -y. Now choose a connected open neighbourhood U of 
y in lj such that (-U) n w(U) = 0 for all WE w\{wOj. It follows that 
wO(x) = -x for all x E U. Since U is open in h, and w,, is a complex linear 
automorphism of lj,, it follows that w0 = -1. Hence - 1 E W(gc). 
COROLLARY. Let g be a non-compact real form of a simple complex Lie 
algebra g,. If G* = GO then g is one of the following: 
SO(P, 4) with p, q, p + q f 2 (mod 4); 
w( P, 4); 
Proof By condition (ii) of the Theorem and Remark 1 we infer that g, 
must be one of the following: A,, B, (n > 2), C, (n > 3), DZn (n > 2), 
E,, E,, F4, or GZ. Then the claim follows from condition (i) by examining 
Table V in [6, p. 5181. 
Remark 2. The converse of this Corollary is also valid. Indeed let g be 
one of the algebras listed in the Corollary. If gc is exceptional then G is 
connected, see [7], and, consequently G* = G,. If gc is not exceptional 
then the equality G* = G, will be proved in Theorem 10, Corollary. 
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Remark 3. Let g be a non-compact real form of a simple exceptional 
complex Lie algebra 9,. If g is one of the six exceptional alge 
e above Corollary then we know that G* = 6, and other 
t in the other six cases, namely, 
E 6(6)7 &c2jj &--14j, -E6c--261, J%, and -G-W 
we have [G : G,] = 2, see [7], and consequently 6” is the bob-identity 
component of G. 
It remains to identify the component G* when g is a non-compact real 
form of a simple complex Lie algebra gc of type 
For that purpose we need a convenient matrix realization fg and a fun- 
damental Cartan subalgebra lj of g. If a matrix a is such that x + axa -I is 
an automorphism of g then we shall denote this automorphism by 8. 
The following matrices will be needed: 
a, = diag( 1, - 1, 1, - l,...) of size n x n; 
J,,,=diag(l, l,..., -1, -l,... )=
-K,* =
. 
p+q=n; 
If g = sl(n, R) let Q E G be defined by O(X) = -‘x, where ‘x denotes the 
transpose of the matrix x. When n = 2k is even we take lj to consist of all 
block diagonal matrices zE g of the form 
z=(;;: -p3 . . . e(;: +J. 
When iz = 2k + 1 is odd we just add one 1 x 1 block (slk + 1) at the en 
Now let g = eu(p, q) with p + q = n. We view g as consisting of all com- 
plex n x IZ matrices x satisfying 
PJ,,, + J,,x = 0 and tr x = 0. 
Again we define CT E G by a(x) = -‘x. We take h to consist of all matrices 
z E g having the form z = ij~ where y is a real diagonal matrix. 
Next let g = sI(n, W) considered as a Lie algebra of n x n quaternionic 
matrices. We define C(X) = -x*, where x* denotes the conjugate transpose 
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of the matrix X. A fundamental Cartan subalgebra h of g consists of all 
diagonal matrices zig with complex diagonal entries. 
Next let g = so(p, q) and IZ =p + q. It consists of all real n x n matrices x
satisfying ‘xJ~,~ + Jp,9x = 0. If pq is even then a fundamental Cartan sub- 
algebra h of g consists of all matrices z= z1 0 z2 where z1 is a p x p matrix 
of the form 
zlql -Qp(f2 -;+3 . . . 
(if p is odd this sum ends with a 1 x 1 block (0)), and z2 is a q x q matrix of 
the similar form. When pq is odd then h consists of block diagonal matrices 
whose all diagonal blocks are of size 2x 2 and of the form (“, ;“), except the 
block in rows p and p + 1 which has the form ($ {). 
Now let g =eo*(2n); it consists of all n x n quaternionic matrices x 
satisfying x*in + i,x =O, where i, = iI,. Then E, consists of all matrices 
z = iy where y is a real diagonal matrix. 
Next let g = sp(2n, R); it consists of all 2n x 2n real matrices x satisfying 
‘xK*,, + Kznx = 0. In this case h consists of all matrices z= ( -9y g), where y 
are arbitrary n x y1 diagonal matrices. 
Finally let g = ep( p, q) and n = p + q, Then g consists of all IZ x IZ quater- 
nionic matrices x satisfying x*J,, + J,,,x = 0. A fundamental Cartan sub- 
algebra b of g consists of all matrices z= iy where y is a real diagonal 
matrix. 
Using the notation introduced above we have the following result. 
THEOREM 10. Let g be a non-compact real form of a simple nonexcep- 
tional complex Lie algebra gC. Then a representative 0 of the component G* 
is given by the following table: 
where j, = j. I,,, j being a standard quaternionic unit such that jij-’ = -i. 
Proof. In all cases except the last it is easy to verify that 0(z) = -z, 
Vz E h. Hence by Lemma 3 we have 8 E G*. When g = sp(p, q) the same 
argument shows that fn E G* and it suffices toobserve that j, E Sp( p, q) and 
that Sp( p, q) is connected so that J*, E G,. 
COROLLARY. Let g be as in the theorem. Then G* = G, holds iff g is one 
of the following: so(p, q) with p, q, p + q f 2 (mod 4), or sp(p, q). 
Proof. This is immediate from Theorem 9, Corollary and Theorem 10. 
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4. CENTRALIZERS OF LIE TRIPLET 
ecall that G is viewed as a subgroup of G,,. The subgroup 
G, = G n Ad&.) is the Zariski dentity component of G when the iatter is 
considered as a real algebraic group. For instance if 5 =~1(2, R) then 
Aut(s) is Zariski connected although as a real Lie group it has two connec- 
ted components. 
We shall now use Theorem 1 to obtain some information about the cen- 
tralizer in6 of a Lie triple in g. 
THEOREM 11. Let s?sI(2, R) be a subalgebra of g, ami let 3 (rap. Z) be 
the centrulizer ofs in g (resp. G). If Ij, is a Cartan subalgebra of 3 then there 
exists aEZnG*G, such that a&)=6,, and alho= -1. 
Proof Since 5 is simple, 3 is reductive in g and consequently the cen- 
tralizer c of h, in CJ is also reductive. We have B c c and consequently 5c E, 
where C = [c, c]. Let S, be the connected Lie subgroup of G, having 
5,. =s@i~ as its Lie algebra. Every element of S,n G leaves 5 =s,ng 
invariant and so we have a restriction homomorphism p: S, A G --+ Aut(s) 
This is a morphism of real algebraic groups and taking into account that 
Aut(s) is Zariski connected and that p(S,. n G)IAd(s), we conclude that p 
is surjective. Thus if (x, h, y) is a Lie triple in 5, then there exists bE S, n G 
such that b. x = y, b. h = -h, and b. y = X. Since b E S,, b centralizes ho. 
Now let b be a Cartan subalgebra of 9 containing bO and the element 
z =x - y, (it is clear that z is semisimple). By Theorem 1 there exists cE G” 
such that c(h)=lj and cl6 = -1. Since cb(&,) = &,, we have cb(s) c
cb(Z)=s. We have cb.x-cb. y=c. y-c.x= -c’z=z=x- y. 
theorem of Rao and Kostant, see [2, Proposition 3.11, we conclud 
the Lie triples (x, h, y) and cb . (x, h, y) are conjugate by an inner 
automorphism of 5. Thus there exists dE G, centralizing h,, and such that 
dcb centralizes the triple (x, h, y). Since b E S,n G c G,, c E G*, and do 
the element a = dcb is in G*GI. Hence a meets all the requirements of 
theorem. 
COROLLARY. Let (x, h, y) be a Lie triple in a complex semisimple Lie 
agebra g, and let 3 (resp. 2) be the centralizer ofthis triple in g (req. G# ). 
If IjO is a Cartan subalgebra if 3 there exists aE Z n G* such that a&) = 3, 
and alho= -1. 
Proof This follows from Lemma 4 and Theorem 12 because G, = GO, 
which is proved below. 
REPOSITION 12. If g is a complex semisimple Lie algebra then G 1 = GO. 
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ProoJ: We have g c gc = @ @ g via x + 1 Q x. Let 0 be a conjugation of 
g with respect o some real form of g. Thus 13’= 1 and 0 $ G”. The maps 
ol, g2: g -P gc defined by 
r7.1(x)=J(1Qx-iQix), c*(x) = $( 1 Q Ox + i Q i&t) 
are injective morphisms of complex Lie algebras. If or(g) = g1 and 
O&J) = g2 then [gl, g2] = 0 and we have gc = g1 x g2. Consequently 
Ad(gc) = Ad(s) x Adbxd 
If a~Ad(g~) we can write a= (a,, a2), where a,EAd&). There exist 
b,, b, E Ad(g) such that ak = okbkokl. Now assume that a E G, i.e., a(g) = g, 
Then for x=lOx~g we have x=x,+x,, xkEgk, 
x1=$(10x-i@ix), x,=~(1@x+i@ix), 
and 
Since a.x=a,.x,+a,*x,Eg, we must have Bb,Q,x=b,.x. Since xEg is 
arbitrary, we get Ob20 = b,. This implies that G1 = G n Ad(g,) is connected 
as a Lie group and so G1 = Go. 
Remark 4. Let g be an exceptional simple complex Lie algebra and 
(x, h, u) a Lie triple in g. Let 2 be the centralizer ofthis triple in G#. The 
groups Zn G, are explicitly computed by Alekseevskii [l]. If g #E, then 
G# = G, and Zn G, = Z, Hence in these cases the result of Theorem 11, 
Corollary can be verified by examining the tables given in [ 11. 
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